In the two Higgs doublet model, tan β is an important parameter, which is defined as the ratio of the vacuum expectation values of the doublets. We study how accurately tan β can be determined at linear colliders via the precision measurement of the decay branching fraction of the standard model (SM) like Higgs boson. Since the effective coupling constants of the Higgs boson with the weak gauge bosons are expected to be measured accurately, the branching ratios can be precisely determined. Consequently, tan β can be determined with a certain amount of accuracy. Comparing the method to those using direct production of the additional Higgs bosons, we find that, depending on the type of Yukawa interactions, the precision measurement of the decay of the SM-like Higgs boson can be the best way to determine tan β, when the deviations in the coupling constants with the gauge boson from the SM prediction are observed at linear colliders.
I. INTRODUCTION
A Higgs boson has been discovered at the LHC [1, 2] . Current data show that its properties such as its mass, production cross sections times the decay branching ratios and the spin-parity are consistent with those of the Higgs boson in the standard model (SM) [3, 4] . However, the whole structure of the Higgs sector has not been clarified at all. Since there is no principle to determine the structure of the Higgs sector, the SM Higgs sector is the simplest but just one of the possibilities. There are many problems, which should be explained by new physics beyond the SM, such as the naturalness problem, the origin of tiny neutrino masses and mixings, the existence of dark matter, etc. Various extensions of the SM considered to solve these problems often contain the extended Higgs sector, where new Higgs multiplets are added to the SM Higgs sector.
Multi Higgs models are constrained by the electroweak ρ parameter significantly. The two Higgs doublet model (THDM) is the natural and minimal extension of the SM Higgs sector, since multi Higgs doublet models predict the ρ parameter to be unity at the tree level [5] . In general, the THDM predicts the flavor changing neutral current (FCNC) which is severely constrained by the experimental data. This problem may be solved by introducing a discrete Z 2 symmetry under which the different parity is assigned to each doublet field [6] . Under this symmetry, each fermion couples with only one Higgs doublet, and hence the FCNC is absent at the tree level. Depending on the assignment of the Z 2 parity to each fermion, there are four types of Yukawa interactions in the THDM. Among the four types of Yukawa interactions, so-called Type-II and Type-X [7] deserve many interests as an effective theory of the Higgs sector in the new physics model. For example, the Type-II THDM is known to be the Higgs sector in the minimal supersymmetric extension of the SM (MSSM) [8, 9] , where one Higgs doublet couples with down-type quarks and charged leptons and the other with up-type quarks. On the other hand, the Type-X THDM, in which one Higgs doublet couples with quarks and the other with charged leptons, may be motivated by some sort of new physics models concerning phenomena relevant to leptons and Higgs bosons, such as tiny neutrino masses [10, 11] , the positron cosmic ray anomaly [12] , the Fermi-LAT gamma ray line data [13] , the muon anomalous magnetic moment [14] , etc.
Verification of the THDM by using the collider data and the flavor data has been an important task, while no positive evidence has been found so far. The results give constraints on the parameters in the THDM, depending on the type of the Yukawa interactions [15] [16] [17] [18] [19] [20] [21] . Some of them are not constrained so strongly because of the small couplings of additional Higgs bosons with quarks, allowing a relatively light mass of extra Higgs bosons [22] [23] [24] [25] . Further studies will be continued at the upgraded LHC with √ s = 14 TeV, where the discovery of more heavier particles may be expected.
On the other hand, evidences of the THDM can be probed through the measurement of the SMlike Higgs boson, since the coupling constants of the SM-like Higgs boson can deviate from those in the SM. This is quite a realistic situation, since the Higgs couplings can be measured very precisely, a few percent level, at the International Linear Collider (ILC) [26] [27] [28] . It may be problematic that it is not straightforward to identify the model of new physics from such measurements, since the effects are indirect and some models may bring the similar effects. To resolve this problem, one needs to combine measurements of various observables and perform fingerprinting of the models which predict different patterns of the deviations in the various observables.
In this paper, we focus on the determination of tan β, the ratio of vacuum expectation values of the doublets in the THDMs, by using future precision measurements of the SM-like Higgs boson at linear colliders. So far, the methods to determine tan β have been discussed using the heavy extra
Higgs bosons within the context of the MSSM [29] . However, the methods using the heavy extra bosons must follow the discovery of them. Thus, these are applicable to the cases with relatively small masses, where already strong constraints are obtained in some types of the THDM [15, 16, 30] .
On the other hand, we propose a new method to determine tan β, through the branching ratios of the SM-like Higgs boson, which could be performed even when the discovery of extra Higgs bosons is not accomplished. Our method is applicable when there exists a deviation in the gauge couplings of the SM-like Higgs boson. In the general THDM, the deviation can be larger than that in the MSSM, since tan β is independent of the masses of the extra Higgs bosons. Thus, it is meaningful to investigate the tan β measurement in various situations in the masses of extra Higgs bosons. We evaluate the uncertainties of the tan β determination in our method in the general THDM, and compare them with those of the methods proposed previously.
This paper is organized as follows. In Section II, we give a brief review on the THDM to specify the notation and define the parameters relevant in our study. In Section III, three methods for the tan β determination are introduced; i) the branching ratio measurement, ii) the total width measurement of the extra Higgs bosons, and iii) the precision measurement of the decay branching ratios of the SM-like Higgs boson. We apply these methods to the Type-II and Type-X THDMs.
The simulation details are summarized in Appendix A. Conclusion and discussion are given in Section IV.
In the THDM, the SU(2) doublet scalar fields with a hypercharge Y = 1/2 are parametrized as
where i = 1, 2. The mass eigenstates are defined by introducing the mixing angles, α and β, as 
where β satisfies tan β = v 2 /v 1 . For simplicity, we assume CP conservation in the Higgs sector.
Then, there are five physical Higgs bosons, which are two CP-even states (h, H), one CP-odd state A, and a pair of the charged states H ± . The electroweak Nambu-Goldstone bosons, z, ω ± , are absorbed into the weak gauge bosons. For the details of the Higgs potential in the THDM, see, e.g., Ref. [31] .
Gauge interactions of Higgs bosons in the THDM are given by normalizing them with those in the SM as
for V = Z, W . Thus, when sin(β − α) = 1, which is so-called "the SM-like limit", h has the same gauge interaction as the SM Higgs boson. We note that the deviation from the SM-like limit is theoretically restricted for heavy H and A in the general THDM [32] . Indeed, for m 2 h ≪ m 2 H , M 2 with large tan β, sin(β − α) can be written as sin
H tan 2 β) with λ 1 being a coefficient of the quartic term in the potential. A large value of λ 1 is constrained by requiring the validity of the perturbative calculation (so-called unitarity bound) [32] . Thus, the deviation from the SM-like limit cannot be large for heavy H and A.
Under the Z 2 symmetry, there are four types of the Z 2 parity assignment to the SM fermions, as listed in TABLE I. Then, Yukawa interactions of the SM fermions to the Higgs bosons are given by
where . the mass eigenstates, the Yukawa interactions are expressed as The tan β dependence in the Yukawa coupling constants can be seen in the branching ratios of the Higgs bosons [23] . In the Type-II and Type-X THDMs with large tan β, a decay of H and A into bb and τ τ is expected to be dominant, respectively. In FIG. 1 , we evaluate the tan β dependence in the branching ratios of H, A and also h into bb in the Type-II THDM. The three panels correspond to the cases with sin the masses of H and A are taken commonly to be 200 GeV. 1 The branching ratios B bb for H and A grow with tan β, and reach a saturation point above which the values are fixed to B bb ≃ 0.9 (and the rest is B τ τ ≃ 0.1). A slightly large sin(β − α) dependence in B H bb comes from the H → W + W − and ZZ decay modes which rapidly increases with cos 2 (β − α). On the other hand, for B h bb , there is no tan β dependence in the SM-like limit. However, once sin(β − α) deviates from unity, B h bb shows a significant tan β dependence, with a large difference by the sign of cos(β − α). Thus, the deviation from the SM-like limit, sin(β − α) − 1, triggers the tan β dependence in B h bb . We note that sin 2 (β − α) should be measured very accurately by a few percent [37] , by using the cross section measurement of the e + e − → Zh process at the ILC. On the other hand, the determination of the sign of cos(β − α) is not straightforward. In the following discussion, we present the analysis for fixed sin(β − α) values in the cases of a positive and negative sign of cos(β − α). We note that cos(β − α) < 0 is derived in the MSSM. 
III. THE tan β DETERMINATION
In this section, we investigate the methods for the determination of tan β in the THDM at linear colliders. In Ref. [29] , methods by using the production and decays of H and A at linear colliders are studied in a context of the MSSM. In addition, we propose to utilize the precise measurement of the decay branching ratios of h, and compare its sensitivity with those of the previous methods in Ref. [29] . Then, we calculate the accuracy of the determination of tan β in the Type-II and Type-X THDMs by three methods which are described as follows:
(i) The first method is based on the measurement of the branching ratios of H and A in the e + e − → HA process [29] . Since the masses of the neutral Higgs bosons can be measured by the invariant mass distributions in an appropriate decay mode, the branching ratios can be predicted as a function of tan β. Thus, tan β can be determined by measuring the decay branching ratios of H and A. Because the tan β dependence in the branching ratios is large in the relatively small tan β regions, as we see in Figs. 1 and 2 , the method is useful for those regions.
(ii) The second method is based on the measurement of the total decay widths of H and A [29] .
For large tan β, the total decay widths of H and A are governed by the bb and τ τ decay modes in the Type-II and Type-X THDMs, respectively, whose partial decay widths are proportional to (tan β) 2 . If the total decay widths are wider than the detector resolution for the invariant mass measurement, we can directly measure the absolute value of the total decay widths. Thus, tan β can be extracted from the total decay widths in the large tan β regions.
(iii) In addition to these two methods, we propose to utilize the precision measurement of the decay branching ratios of h. For m h = 125 GeV, the main decay modes of h are expected to be measured precisely by a few percent level at the ILC [26] . In the THDM, the decay branching ratios of h depend on tan β, as long as sin(β − α) < 1 which can be determined independently.
This means that the precision measurement of the decay of h can probe tan β.
In the following subsections, we show the detailed analysis of these methods in the Type-II and Type-X THDMs. We also comment on the cases for the other types in the THDM.
A. Sensitivity to tan β in the Type-II THDM
In this subsection, we present our numerical analysis for the sensitivities of the tan β measurements in the Type-II THDM. The same analysis for the Type-X THDM is given in the next subsection.
Following Ref. [29] , the 1σ sensitivity to tan β from the measurement of the branching ratios of H and A is defined by N (tan β ± ∆ tan β) = N obs ± √ N obs with N (tan β) = σ HA · B H bb (tan β) · B A bb (tan β)·L int ·ǫ 4b , where σ HA is the HA production cross section, L int is the integrated luminosity, and N obs is the number of the 4b signal events after the selection cuts. The production cross section and the number of the signal events are evaluated for m H = m A = 200 GeV with √ s = 500 GeV and L int = 250 fb −1 . The acceptance ratio ǫ 4b of the 4b final states in the signal process of HA production is set to be 50% (see Appendix A for details).
For the width measurement of H and A, the detector resolution for the Breit-Wigner width of the invariant mass distribution of bb (M bb ) is taken to be Γ res = 11 GeV with the 10% systematic error. In order to reduce the combinatorial uncertainty due to the 4b final state, the signal events are chosen around the central peak regions in the invariant mass distribution.
This selection efficiency is estimated to be 40% for M bb ± 10 GeV. The width to be observed
, and the 1σ uncertainty is given by
, where N obs is the number of the events after the selection cuts and the invariant mass cut. We then obtain the 1σ sensitivity for the tan β determination
For the tan β determination by using the decay branching ratio of h, we evaluate the sensitivity to tan β from the uncertainties of the B h bb measurement. The tan β sensitivity is obtained by solving B h bb (tan β ± ∆ tan β) = B h bb ± ∆B h bb , where the accuracy is evaluated from the simulation result for that in the SM case by rescaling the statistical factor by taking into account the changes of the production cross section as well as the branching ratio. The reference points of ∆B h bb /B h bb in the SM case are 1.3% (1σ) and 2.7% (2σ), which are estimated in the recent simulation study for √ s = 250 GeV and L int = 250 fb −1 [26] .
Notice that the cross section times the branching ratio is expected to be measured more precisely by ∆(σ Zh B h bb )/(σ Zh B h bb ) = 1% at the 2σ confidence level (CL). [26] . However, the uncertainty of the cross section amounts to ∆σ Zh /σ Zh = 2.5% at the 2σ CL by assuming the analysis of the leptonic decays of the recoiled Z boson [37] . Therefore, the accuracy of the branching ratio measurement is limited by the uncertainty of the σ Zh determination. If the cross section measurement is improved up to 0.8% at the 2σ CL by using the analysis of the hadronic decays of the recoiled Z boson [27, 38] , it would give much better sensitivities to tan β from the h decay. in determining tan β from the B h bb . We expect that this ambiguity is resolved by using the other methods, or by measuring the branching ratios in the other h decay modes, such like into gg and cc.
The sensitivity for the h decay becomes worse for large tan β, where B h bb is saturated at about 90% as shown in FIG. 1 . We note that, however, such a large deviation in the decay branching ratios of h should be constrained from the LHC data, where, e.g., the prediction of B(h → ZZ * ) can be different from that in the SM. B. Sensitivity to tan β in the Type-X THDM
In the Type-X THDM, the sensitivities to tan β are evaluated similarly to the case in the Type-II THDM, but the decay mode of τ τ is used instead of that of bb. For HA production, the acceptance for the 4τ final state is estimated to be 50% (for details, see Appendix A). The detector resolution for the Breit-Wigner width in the invariant mass distribution of τ τ (M τ τ ) is obtained with the use of the collinear approximation [39] , which is estimated to be 7 GeV. The selection efficiency due to the mass window cut M τ τ ± 10 GeV is 30%. For the h → τ τ decay, expected accuracy of the measurement of the branching ratio at the ILC is ∆B h τ τ /B h τ τ = 5% (2%) in the 2σ (1σ) CL in the SM for √ s = 250 GeV and L int = 250 fb −1 [26] . We rescale them to the case in the Type-X THDM with certain values of sin 2 (β − α) and tan β taking into account the changes of the number of the signal events.
In FIGs. 5 and 6, the numerical results in the Type-X THDM are presented in the same manner as in FIGs. 3 and 4 in the Type-II case, respectively. With or without the assumption of sin(β − α) = 1, the total width measurement of H and A is a useful probe for the large tan β regions. For the smaller tan β regions, the branching ratio measurement of H and A can probe tan β well. As noted in the Type-II case, the h decay does not have a sensitivity to tan β in the SM-like limit (left panels). However, for sin(β − α) = 0.99 and 0.98, B h τ τ measurement can give the best sensitivity for a wide range of tan β values. This is because the branching ratio of h → τ τ is about 10 times smaller than that of h → bb, and thus the saturation of the branching ratio for large tan β is relatively delayed as compared to the case in the Type-II THDM. This is also true for the branching ratios of H/A → τ τ . In the cos(β − α) > 0 case, the method using the h decay has two-fold ambiguity to determine tan β from the B h τ τ measurement. This ambiguity is expected to be solved by using the other methods.
C. Sensitivity to tan β in the other types of the THDM Here, we comments on the tan β measurements for the other types in the THDM. In the Type-I THDM, the Yukawa coupling constants are universally changed from those in the SM. In the SMlike limit, sin(β − α) = 1, Yukawa interactions for H and A become weak for tan β > 1. As for the tan β measurement at the ILC, the method by using the total width of H and A is useless, because the absolute value of the decay width is too small as compared to the detector resolution. Without the SM-like limit, the branching ratio measurement of H and A using the fermionic decay modes may be difficult, because the bosonic decay modes H → W W and A → Zh become important.
Furthermore, the decays of h are almost unchanged from the SM because of no tan β enhancement.
Thus, the tan β determination in the Type-I THDM seems to be difficult even at the ILC.
In the Type-Y THDM, the sensitivities to tan β at the ILC would be similar to those in the Type-II THDM, because the Yukawa interactions of the neutral scalar bosons with the bottom quarks are enhanced by tan β as the same way as those in the Type-II THDM.
IV. CONCLUSION AND DISCUSSION
We have studied the physics potential for the tan β determination at the ILC in the THDMs. In addition to the masses of the extra Higgs bosons, tan β and sin(β − α) are important parameters in the THDM, which describe the electroweak symmetry breaking sector in the model. At the ILC, the parameter sin 2 (β − α) is determined very precisely. The branching ratios of the h decay can also be measured precisely and independently of sin 2 (β − α). Since the Yukawa coupling constants of h are modified if sin(β − α) = 1, the combination of these measurements can constrain tan β. If H and A are light, measurements of the decay branching ratio and the total decay width can also probe tan β.
In this paper, we have studied the sensitivities of the tan β measurements using these observables in the Type-II and Type-X THDMs. In the Type-II THDM, the down-type quark and the lepton Yukawa interactions of H and A largely depend on tan β. Since the masses of H and A have been strongly constrained by the LHC data and the flavor data, direct searches of them and the precision measurements of their properties should require relatively high collision energy at the ILC. On the other hand, the h decay can explore tan β if sin(β − α) = 1 through the precision measurement of its branching ratios.
In the Type-X THDM, only the leptonic Yukawa interactions of H and A are enhanced for the large tan β regions. Since they have less interaction with quarks, a severe bound from the LHC data and the flavor data can be evaded. Therefore, H and A can be light enough to be produced at the ILC. If they are light, tan β can be determined by the direct measurement of their properties at the ILC. We have compared the sensitivities to tan β using these measurements and the h decay.
We find that the precision study of the branching ratios in the h decay is very useful to determine tan β in the Type-X THDM for the wide range of parameter space.
In conclusion, we have studied the methods of the tan β measurement in general THDMs at linear colliders. In addition to the methods previously proposed by using the extra Higgs bosons, we have discussed the method which uses the precision measurement of the h decay. We have found that tan β can be determined very well in a wide range of tan β values at the ILC by combining these methods.
In this appendix, we present our estimation of the efficiencies for the 4b and 4τ events and the resolution of the width in the bb and τ τ invariant mass distributions in the e + e − → HA process.
The simulation is performed by using the hadron-level events with Pythia [40] and FastJet [41] for jet clustering.
For each event, we collect the final state particles with |η| < 2 where the pseudorapidity is η = γ's. The cluster is identified as e ± or µ ± , if the cluster contains one and only one e ± or µ ± and its p T is more than 95% of the cluster. Otherwise, we identify the cluster as a jet. The jet is tagged as a τ -jet, if the cluster contains one or three charged particles and the sum of p T of particles inside the R = 0.15 cone is more than 95% of p T of the cluster. The jet which has B-hadrons in the decay history of its constituent particles is tagged as a B-jet with the probability of 65%. The other jet which has D-hadrons in the decay history of its constituent particles is tagged as a B-jet with the probability of 1%. Other jets are tagged as B-jets with the probability of 0.1%.
For the 4b events, we take the events with four B-jets or three B-jets plus one jet. With the above B-tagging probabilities, we find that the efficiency of finding the 4b events is about 50%.
Absolute values of the 4-momenta of the four jets are rescaled so that the sum of the 4-jet energy is equal to the collision energy and the sum of the 3-momenta of the four jets vanishes. Then, the di-B-jet invariant mass M BB can be reconstructed, where the pairs of the di-B-jet are chosen such that the difference of the two invariant masses is minimal. By fitting the distribution in a Breit-Wigner form, we get the width Γ res ≃ 11 GeV, which is assumed to be the systematical resolution of the width measurement. We note that this value is roughly twice of that used in Ref. [29] .
For the 4τ events, we take the events which contain four τ -jets or three τ -jets with one charged lepton or two τ -jets with two same-sign charged leptons. These signatures are expected to have small SM background contributions. The efficiency of finding the 4τ events is about 50%. Then, the 4-momenta of 4τ 's can be reconstructed by rescaling the absolute values of the 4-momenta
